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1 Introduction

Number theory plays an important role in modern cryptography, which is used to improve the
security of electronic communication with the aim of ensuring the security of computers and the
internet. In cryptographic protocols, Prime Numbers form the basis of many protocols which
are used for sharing keys and sending signed messages (Crandall & Pomerance, 2005).

If the positive factors of a positive integer p (p > 1) are only 1 and p, then p is called a prime
number. An integer that is greater than one and is not a prime is called a composite number.
As it seen from their definition, the set of prime and composite numbers in any interval of a
set of natural numbers greater than 1 form the complementary sets of one another. Therefore,
a property of the set that is determined for one of these sets can be arranged appropriately for
the other one (Hardy & Wright, 1979).

In 300 BC Euclid proved that prime numbers are infinite. But for many years the question
of “how many prime numbers are there less than any integer” has intrigued mathematicians.
Beginning at the end of the 18th century, Gauss C., Chebyshev P.L., Hadamard J., de la Vallee
Poussin C., Legendre A. has stuides about this topic (Dickson, 2005).

The number of prime numbers less than z is denoted by m(z). As a result of the studies
of the researchers whose names we have mentioned above, it was determined that the function
7(x) changes asymptotically as x/Inz, meaning that the ratio of these two expressions converges
to 1 as x approaches infinity (Crandall & Pomerance, 2005).

In many problems it is necessary to specify the number of prime numbers in a given interval,
for example, the conjecture proposed by Adrien-Marie Legendre in 1808 states that “there is a
prime number between n? and (n + 1) for every positive integer n” (Guy, 2004).

In this case, instead of calculating the number of primes in the given interval, it could be
easier to calculate the number of composite numbers in that interval, and then we can use it to
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find the number of elements of the subset of prime numbers, which is the complement of the set
of composite numbers in that interval.

In this paper a method with less computational complexity than the known methods for
calculating the number of composite numbers in a given interval is proposed. The proposed
method is based on the modelling of the sieve of Eratosthenes (Crandall & Pomerance, 2005).
A computational schema based on Dynamic Programming Technique (Bellman & Dreyfus, 1962)
has been proposed to determine the number of composite numbers in each interval.

2 Notations

N ={1,2,...,n,...}, Set of Natural Numbers.
N=N\{[23,4,....n,..}.

P ={p1,p2,p3,...} ={2,3,5,...}, Set of Prime Numbers.

M = N\P = CoP, Set of Composite Numbers.

M, ={m € N|m =k-n,n € N},k € N, Set of numbers consisting of multiples of k.
M, = MiN\{k},k € N.

The following two propositions follow from the definitions given above:

M = Upep M,

P = N\M = N\(UpepM,), (Sieve of Eratosthenes).

Define the sequence A; as follows:

A, ={aF € N|a¥ = k-i,i € N},k € N.

Denote the set of elements not exceeding n of the sequence Ay by Ag(n).
1§af§n,i€N,keN.

Now consider the concept of union of several sequences:

Alk) = U?:l Am-

For example, for k =1, A = Ap, = Ao,

for k=2, A?) = A, UA,, = Ay U A3,

for k=3, A®) = A, UA,, UA, = Ay U A3 U A;.

Denote by A%¥)(n) the set of all elements of A®) that are not greater than n.

3 Calculation of the Number of Elements in the Union
of Sets by the Principle of Inclusion-Exclusion

Let s(A) be the number of elements of a set A. It is well known that the number of elements
in the union of two sets A and B is calculated by the following formula based on the Inclusion-
Exclusion Principle (Rosen, 2012):

s(AUB) = s(A)+s(B) — s(AN B) (1)
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A generalization of this formula for n sets is as follows:

(U] =Xsta -5 3 sty
=1 =1 j=i+1
n—2 n—1
+> > Z (Ai N Aj N A
i=1 j=i+1 k=j+1
n—3 n—2 n—1
23 Z (AiNA;N AN A (2)
i=1 j=i4+1 k=j+11=k+1
n—4 n—3 n—2 n—1

+> 3> Y Z (Ai N Aj N AN AN A

i=1 j=i+1 k=j+11=k+1t=I+1
—|—-~—|—(—1)n+1-S(AlﬂAgﬂAgﬂ...AnflﬂAn)

This principle gives the number of elements in the union of n sets for every positive integer
n. For the number of elements in the intersection of each non-empty subset of the collection
consisting of a total of n sets there is a term in this formula, therefore there are 2n — 1 terms
in the Formula (2), in other words the computational complexity of the Formula (2) is O(2").
Example: Consider the number of elements of the union of four sets:

s(A1 U Ay U A3 U Ay) =s(A1) + s(A2) + s(A43) + s(Ag)
— (A1 N A2) —s(A1 N A3) —s(A1 N Ay) —s(Aa N Az) — s(Aa N Ay)
— (A3 N Asg) +s(A1NAsNAs)+s(AiNAyNAy) +s(A1 N Az N Ag)
+s(AaNAsNAy) —s(A1N AN Az N As)

It can be seen that there are 15 different terms in this formula, which gives the number of
non-empty subsets of these four sets.

4 Calculation of the Nnumber of Prime Numbers in
a Given Interval by the Inclusion-Exclusion Principle

As it is known, the Sieve of Eratosthenes method can be used to find all prime numbers that
are less than a some positive integer n (Crandall & Pomerance, 2005). Using the principle of
inclusion-exclusion, we can find the number of primes not exceeding a specified positive integer
with the same reasoning used in the sieve of Eratosthenes. Recall that a composite integer is
divisible by a prime number not exceeding its square root. So, to find the number of primes not
exceeding 100, first note that composite integers not exceeding 100 must have a prime factor not
exceeding 10. Since all prime numbers not exceeding 10 are 2, 3, 5 and 7, prime numbers not
exceeding 100 are these four prime numbers and those positive integers greater than 1 and not
exceeding 100 that are not divisible by none of 2, 3, 5 and 7. To apply the inclusion-exclusion
principle, let P; be the property of divisibility by 2, P> be the property of divisibility by 3, P3 be
the property of divisibility by 5 and P4 be the property of divisibility by 7. Thus, the number
of primes not exceeding 100 is 4 + N (P, P, P P}).

Since there are 99 positive integers greater than 1 and not exceeding 100, the inclusion-
exclusion principle shows that

N(P{P,PyP;) =99 — N(Py) — N(P,) — N(P3) — N(Py)
+ N(Plpg) + N(P2P3) + N(P1P4) + N(P2P3) + N(P2P4) + N(P3P4)
— N(P,PyP3) — N(P1PoPy) — N(P1P3Py) — N(Py,P3Py)
+ N(P1P,P3Py)
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Table 1: Number of Composite Numbers up to the Given Number

AW @) (AP @) s(A® ) | s(A@D (@) s(a® ) | s(A@@)  s(aM () A® @) (A ()

i s s s s s(

1 0 0 0 0 0 0 0 0 0
2 1 1 1 1 1 1 1 1 1
3 1 2 2 2 2 2 2 2 2
4 2 3 3 3 3 3 3 3 3
5 2 3 4 4 4 4 4 4 4
6 3 4 5 5 5 5 5 5 5
7 3 4 5 6 6 6 6 6 6
8 4 5 6 7 7 7 7 7 7
9 4 6 7 8 8 8 8 8 8
10 5 7 8 9 9 9 © © 9
11 5 7 8 9 10 10 10 10 10
12 6 8 9 10 11 11 11 11 11
13 6 8 9 10 11 12 12 12 12
14 7 9 10 11 12 13 13 13 13
15 7 10 11 12 13 14 14 14 14
16 8 11 12 13 14 15 15 15 15
17 8 11 12 13 14 15 16 16 16
18 9 12 13 14 15 16 17 17 17
19 9 12 13 14 15 16 17 18 18
20 10 13 14 15 16 17 18 19 19
21 10 14 15 16 17 18 19 20 20
22 11 15 16 17 18 19 20 21 21
23 11 15 16 17 18 19 20 21 22
24 12 16 17 18 19 20 21 22 23
25 12 16 18 19 20 21 22 23 24
26 13 17 19 20 21 22 23 24 25
27 13 18 20 21 22 23 24 25 26
28 14 19 21 22 23 24 25 26 27
29 14 19 21 22 23 24 25 26 27
30 15 20 22 23 24 25 26 27 28
31 15 20 22 23 24 25 26 27 28
32 16 21 23 24 25 26 27 28 29
33 16 22 24 25 26 27 28 29 30
34 17 23 25 26 27 28 29 30 31
35 17 23 26 27 28 29 30 31 32
36 18 24 27 28 29 30 31 32 33

The number of integers not exceeding 100 (and greater than 1) that are divisible by all the
prime numbers in any subset of the set {2,3,5,7} is L%J where n is the product of the prime
numbers in this subset since these primes are pairwise relatively prime. Therefore

Y, 100 100 100 100
N(P1P2P3P4) =99 — LTJ - L?J - LTJ - LTJ
100 100 100 100 100 100
gttt el i+ 5
100 100 100 100 100

_L2-3-5J_L2~3-7J_L2-5-7J_L3-5-7J+L2-3-5~7J
=99-50-33-20—-14+16+104+7+6+4+2—-3-2—-1-0+0
—21.

Hence, there are 4 + 21 = 25 prime numbers not exceeding 100.

5 Dynamically Calculation of the Number of Composite
Numbers in a Given Interval

Determination of the number of composite numbers in a given interval by of inclusion-exclusion
principle is not very efficient for calculations, so the calculation schema based on Dynamic Pro-
gramming Technique (Bellman & Dreyfus, 1962) has been proposed below for the determination
of the number of composite numbers for each interval.

The calculation schema is based on the model of the Sieve of Eratosthenes method. In
proposed NNN Procedure, in order to compute S(A(k)(i))(i =1,2,...,n); (k= 1,2,...,m)
Table 1 with a dimension m x n is prepared by using Dynamic Programming technique as
shown below. Numbers n and m are changeable and mainly both of them can be infinite. The
values of i, (i = 1,2,...,n) show the number of rows and the values of the parameters s(A®*) (7))
(k=1,2,...,m) are given in the kth column.
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Table 2: Number of Composite Numbers in a Given Interval

1 1 2 2 2 2 2 2 2 2
2 3 3 4 5 5 5 ) 5 5
3 3 5 ) ) 6 7 7 7 7
4 ) 6 6 6 6 6 7 8 9
) ) 7 9 9 9 9 9 9 9
6 7 9 9 9 9 9 9 9 9
7 7 10 11 12 12 12 12 12 12
8 9 11 12 13 13 13 13 13 13
9 9 13 15 16 16 16 16 16 16
10 11 14 15 16 16 16 16 16 16
11 11 15 16 17 19 19 19 19 19
12 13 17 19 20 20 20 20 20 20
13 13 18 20 20 21 22 22 22 22
14 15 19 21 23 24 25 25 25 25
15 15 21 23 23 24 25 25 25 25
16 17 22 24 26 26 26 26 26 26
17 17 23 25 26 27 28 30 30 30
18 19 25 28 30 31 31 31 31 31
19 19 26 29 30 30 31 32 33 33
20 21 27 29 31 32 33 33 34 34
21 21 29 32 33 35 36 36 36 36
22 23 30 33 35 36 36 36 38 38
23 23 31 35 37 37 39 39 40 41
24 25 33 35 37 38 39 39 40 40

25 25 34 38 39 41 41 42 42 43
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6 Algorithm NNN

NNN1: The elements of the first column of Table 1 are calculated by the following formulas:
s(AV(0) = 5], (1 =1,2,...,n) (3)

NNN2: The elements of the next colums (k = 2,...,m) are calculated by the following formulas:

The initial values of z¥ and s(A*)(1)) are zero for each column (k = 2,...,m).
a4 =0 (4)
s(AM(1)) =0 ()
The values of z and s in the next rows (i = 2,...,n) are calculated by the following recursive

formulas (6) and (7):

(6)

ko 2k 1 if ppli and s(AFD (i) = s(AFD (i — 1))
v zf_l otherwise

s(AM (7)) = (AP (G — 1)) + 2F (7)

)

Table 1 of size of (36 x9) , n = (1,2,...,36), for m = (2,3,5,7,11,13,17,19, 23) prepared
with NNN Procedure is given below.
We give the following theorem for the algorithm NNN.

Theorem 1. The formulas (3) — (7) are true, so s(A*(i)), (i =1,2,...,n),(k=1,2,...,m) are
calculated correctly: The number in the k.th column and i.th row of the table gives the number
of elements of the subset of the set formed by the first k prime numbers in the interval [1,1].

Proof: As it is seen from Table 1 in column 1 in every row the “integer part of the number 4
divided by 2 with the Formula (3)” is written, which gives the number of integers divisible by 2
in the interval [1,4].

Clearly the numbers in odd numbered rows in first column are equal to numbers in even
numbered rows before them. So, the row numbers that corresponds the first of repeated numbers
in column 1 (2.,4.,6.,...,) are divisible by 2, but the row numbers that corresponds to the
last(second) of repeated numbers (3.,5.,7.,...,) are not divisible by 2.

For each i.th row of the second column a value 21'2 is added to the number located in a
previous 1.st column and i.th row: firstly, 22 = 0 and then if i is divisible by ps = 3 and is not
divisible by previous p; = 2, the value of z increases by 1 (ZZ2 = zf_l + 1). This guarantees the
equality (1).

This is algorithmically done by checking the repeated numbers in the column 1. As it is
mentioned above, the row number that corresponds to the first of repeated numbers is divisible
by 2, while the row number that corresponds to the second of repeated numbers is not divisible
by 2. As it seen from Table 1. the first repeated number in the column 1 is “17; it is settled in
the row 2. and 3: thus “3” becomes the first prime number after “2”, and in this column the
multiples of “3” are tackled. In 6th row, which is twice the size of “3”, “1” will not be added
to zg, because in a 6th row of a 1st column the repeated number “3” is not a last number,
meaning it is divisible by “2”. But in a row 9, which is three times “3”, “1” will be added to
zg, because in a column 1 and 9.th row the repeated number “4” is the last number, meaning it
is not divisible by “2”. Consequently, after every 6 rows (i.e. 15., 21., 27., and other.) “1” will
added to z.
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In each i.th row of k.th of the column, a value zlk is added to a number located in a i.th row
of a previous (k — 1).th column. Firstly, zf = 0, and if ¢ is divisible by pi and is not divisible by
previous p;(i = 1,2,..., (k — 1)), value of z is increased by 1 (2% = 2¥ | + 1), which guarantees
that equality (1) holds true.

As above, this is also algorithmically done by checking the repeated numbers in the column
(k—1). As we have said above, the row number that corresponds to the first of repeated numbers
is divisible by one, or more than one, of the numbers py,po,...,pr_1 , the second is not divisible
by any of these numbers.

For example, As it seen from Table 1 for k=3 the first repeated number in the column 2 is
“3”; are located in a rows 4. and 5.: thus “5” becomes the prime number after “2” and “3”,
and in this column the multiples of “5” are tackled. In the 10th row, which is twice the size
of “5”, “1” will not be added to zg, because in a 7th row of a 2nd column the number “7” is
not repeated, similarly, in the 15th row, which is three times of “5”, in the 20th row, which is
four times of “5”, “1” will not be added to z, because the number “10” in a 15th row of a 2.nd
column and the number “13” in 20th row of a second column is not repeated.

But in a 25th row of a 2nd column, which is five times of “5”, number 16 is repeated and it
is the last number and it means that ¢ = 25 and is not divisible by prime numbers “2” and “3”
which comes before “5”. In this row, “1” is added to the number z3,.

In order to fill the next column, a value of z is added to a value of each row of a previous
column. Firstly, the parameter z is equal to 0, in the next steps value z value is incremented by
1 in the rows that corresponds to the second of repeated numbers in previous column.

7 Analysis of Table 1

If we pay attention to the table, we can see the following properties:

A1l. For each k.th column in the first (pg+1 — 1) rows (in rows 1,2, ..., (pg+1 — 1)) the numbers
0,1,2,...,(pk+1 — 2) are written. In other words, for every k.th column in the first (pgy; — 1)
row, in each next row a number of composite numbers increased by 1 beginning from zero. The
number of composite numbers in the (py11 — 1)th row is only one less than the row number,
that is ((px+1 — 1) — 1) = (pr+1 — 2). The number of composite numbers in the next (pi1)th
row is also (pg+1 — 2).

A2. For each k.th column beginning from the (pg+1 + 1)th row in each row a number of
composite numbers increases by one or does not increase at all, it just repeats and the length
of the repetition is equal to 2, and it means that only two consecutive rows may have the same
values.

A3. The number of operations required to fill the table is O(m x n).

8 Conclusion
We can fill Table 2 by using Table 1 with the following formula:
s(B® (i) = s(AP (i +1)2=1)) —s(AP ()2 = 1), k=1,2,...,m;i=1,2,....,n. (8)

Here (A%(0)) =0, k=1,2,...,m.

Table 2 of size of (25 x 9) for (n = 1,2,...),25), (m = 2,3,5,7,11,13,17,19,23) is filled
up using Table 1 and by the formula (8). Here the numbers painted with yellow indicate the
number of composite numbers in the appropriate interval. If we compare the second method
with first one in terms of computational complexity, O(n x 2™) operations are needed to fill up
the Table 1 with the first method.

In the first method, the space complexity for calculating each element of the table is O(1),
whereas in the second method, this complexity is O(n), because the previous column is sufficient

176



E. NURI et al.: ON A CALCULATION OF A NUMBER OF COMPOSITE NUMBERS...

to fill up each next column of the table. But in order to fill up Table 1 general space complexity
for both methods is O(m x n).

As it seen from the evaluations above, the computational complexity (O(m x n)) of the
second method for filling up Table 1 is better than that of the first method (O(n x 2™)).
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